We investigate Feynman diagrams which are calculable in terms of generalized one-loop functions, and explore how the presence or absence of transcendentals in their counterterms reflects the entanglement of link diagrams constructed from them.
Introduction
Recently, a connection between knot theory and renormalization theory emerged. It initiated new results in field theory and number theory, via the identification of knots extracted from the topology of Feynman diagrams, with transcendentals found in their overall divergent contributions [1, 2, 3, 4, 5, 6, 7] .
It is the purpose of this letter to compare the UV-divergent behaviour of certain Feynman graphs with the behaviour of link diagrams associated to these diagrams. We are particularly concerned with subdivergent graphs. These investigations complement the recent association of Feynman diagrams with knots in subdivergence free diagrams [1, 3, 4, 5, 6, 7] . There, the topologies of the diagrams where complicated, but in most cases free of subdivergences. Now, we focus on fairly simple topologies, but do allow for subdivergences. From [1] , we know one result concerning graphs with subdivergences: that simple topologies, whose forest structure is strictly nested, provide only rational numbers in their overall divergences. Here, we generalize so that these simple topologies appear as disjoint forests.
We consider in this letter Feynman graphs which are calculable in terms of G-functions [8] . As a specific example we consider vertex functions at zero momentum transfer (zmt) in Yukawa theory, with fermions coupling to a massless scalar field. They serve solely as a visualization for the combinations of G-functions which we want to consider. As the only transcendentals which are apparent in G-functions stem from the ζ-function evaluated at integer argument, the only knots we expect to see are (2, q) torus knots. 
Definitions
Our input is a set of generalized one-loop functions, given below. We define .
In this notation, the one-loop radiative corrections of the vertex, fermion and scalar propagator in massless Yukawa theory become
for the vertex-correction at zmt, Γ; the fermion self-energy, Σ; and the self-energy of the scalar boson, Π. These corrections amount to the graphs given in fig.(1) on the lhs. We can easily generalize this to n-loop ladder corrections at the vertex, and n-loop rainbow corrections for the fermion propagator. For the scalar boson, we restrict ourselves to dressings of internal fermion lines. In fig. (1) we define these functions diagrammatically on the rhs. We denote these diagrams as simple. Only these simple topologies deliver rational counterterms, after we absorb the subdivergences by counterterms [1, 9] . In short, their overall divergence provides a Laurent series in (D − 4) which has coefficients in Q, the rational numbers. Now these functions are the building blocks for the Feynman diagrams to be considered. According to the results in [1] we expect a connection to knot theory to appear after renormalization of subdivergences.
The Feynman diagram provides a ladder topologies with internal lines dressed by simple topologies. Below, the iteration of Π and Σ in Γ is determined by the Schwinger Dyson equations. We also indicate the simplified one boson exchange kernel used for our graphs.
Using the language of [1] we incorporate the subtraction of subdivergences as follows:
Angle brackets < . . . > indicate the projection onto the pole part in dimensional regularisation, which is all what is needed for the renormalization of subdivergences in the M S-scheme. Having defined simple dressed quantities, we now consider the diagrams of fig.( 2). They come from dressing internal propagators and iterating the vertex as given by the reduced Schwinger Dyson equation in the bottom line of fig.(2) . Chains of dressed propagator are obtained from expanding the one-particle irreducible functions defined above
in a power series in the selfenergies. We investigate the contribution of the so iterated vertex to the MS Z-factor. Especially, we are interested to what extent transcendentals remain after the renormalization of subdivergences. So, in contrast to the simple case, we expect coefficients to be ∈ Q. Specifically, we expect to see the transcendentals ζ(2l + 1), corresponding to the (2, 2l + 1) torus knots, familiar from previous results [1, 3, 4] . We once more stress that for the case of simple topologies, all transcendentals vanish after the renormalization of proper subdivergences. Now we are prepared to study the first example.
An elementary example
We consider the Feynman graphs of fig.(3) . We easily evaluate them using our eqs.(2,6). We are not so much interested in an all order result, but rather compare the results before and after subtraction of subdivergences.
First, we consider Feynman graphs before subtraction of subdivergences, for different n and m, but with n + m = l fixed. Inspection shows that the graphs in general differ for different n, m. While still Γ(1, 1) = Γ(2, 0), we have Γ(2, 1) = Γ(3, 0) and Γ(5, 1) = Γ(4, 2), cf. table (1) . Further calculations confirm that in general Γ(n, m) = Γ(n ′ , m ′ ) for n + m ≥ 3, where we have n + m = n ′ + m ′ . Now consider the graph after subtraction of subdivergences. A symmetry is emerging. The results only depend on the sum l = n + m. Table (1) shows results up to the eleven loop level, given as Γ(l). The pattern indicated in the table continues to higher loop levels, as checked by explicit calculations systematically. Note that the results in table (1) are given for normalized one-loop functions. Our normalization simply amounts to drop irrelevant factors of 2 or 1/2 in the selfenergies in eqs. (7, 8) so that our Feynman diagrams now solely indicate the nesting of G-functions.
As an example, we give the explicit formula for Γ(2, 1) = Γ(3, 0):
where we used G(1, 0) = G(0, 1) and underlined the terms which give Γ(2, 1) and Γ(3, 0). As in [1] , we now encode the momentum flow of the diagrams into link diagrams, associated to the Feynman diagrams. The symmetry observed above follows immediately. Following the rules of [1] , it is clear that the link diagrams only depend on the total l of one-loop subdivergences altogether, and not on the actual distribution over the diagram, as demonstrated in fig.(4) . In fact, we can also prove this symmetry from basic properties of our Green functions. To this end it is sufficient to consider the propagator with two different arguments, which differ by the exterior momentum q.
where D is an operator which scales like 1/k for large internal momentum k, and thus eliminates the overall divergence in the vertex. Next, let us see if we can understand the various transcendentals appearing in the counterterms. Let us first study fig.(5) . The figure explains the absence or appearance of ζ(3) in terms of entanglements of link diagrams, which we derive from fig.(3) . There is always a circle which is the component which corresponds Table 1 : < Γ(n, m) > for various values of (n 1 , n 2 ). After the renormalization of subdivergences we find that the results for < Γ(n, m) > depend only on the sum l = n + m, which we give as < Γ(l) >. The transcendental ζ(l) appears at l + 1 loops. to the one-loop vertex function. Other components connect to this circle in various ways, depending on the chosen momentum flow. Entangling the first subdivergence we have two choices for the flow of its momentum, as we see in the top line. We can call these l or nl, for local or non-local, where the last qualification is true when the flow of the momentum of the subdivergence is not confined in the interior of its forest.
For the second subdivergence, we have four choices, l − l, nl − l, l − nl and nl − nl. In fact, nl − l and l − nl are equivalent, and the three remaining possibilities are given in the figure. Note that both subdivergences can still be linked to the circle which has the role of the skeleton graph, without generation of extra crossings.
Next, we study the case l = 3, which corresponds to a four-loop graph. The bottom line in fig. (5) explains why we cannot avoid the appearance of a knot this time. While l − l − l still results in an unknotted link diagram (on the rhs of the figure), nl − l − l generates a knot, in fact, it generates the correct knot: the (2, 3) torus knot (the trefoil), associated with the transcendental ζ(3) in all our previous work [1, 3, 4, 5, 6, 7] . Correspondingly, table (1) confirms the presence of the transcendental ζ(3) in the counterterm as well as a rational contribution, as expected from the analysis of link diagrams. This mixing of transcendentals and rationals indicates the presence of subdivergences [1, 6, 7] . Other momentum flows, nl−nl−l and nl−nl−nl, generate the same knot. More detailed figures will be given in [10] .
But in table 1 we see further results. We infer that the transcendality and loop level are related: the highest rank transcendental ζ(l) appears at l + 1 loops. The appearance of ζ(2n) ∼ π 2n , n ≥ 2, indicates graphs with subdivergences, while ζ(2n + 1) appears as the highest rank knot-number, corresponding to the (2, 2n + 1) torus knot.
Hence, as knot numbers are only given by ζ(2l + 1), we infer that we have to increase the loop number by two steps, to see the next knot and the next knot-number. Accordingly, there must be a mechanism which ensures that ζ(2n + 1) appears at 2n + 2 loops. Fig.(6) shows how this comes about. We only indicate the case nl − l − l . . . − l. Other cases allow for similar mechanisms [10] .
From our experience with simple topologies [1] , and from our experience with graphs free of subdivergences [4, 6, 7] , we are looking for link diagrams with the least number of crossings, but still encoding the momentum flow and assigning a crossing to each vertex. As always, we want to avoid unnecessary crossings.
Assume now we dress our one-loop skeleton with 2(n − 1) subdivergences having local momentum flows. These provide 2(n − 1) components of the link diagram. Then, there is the one-loop skeleton which provides the unique circle to which all others connect. A last component is realized by the subdivergence which we have chosen to have a non-local momentum flow. This means that it follows the skeleton-circle most of the way. We can now choose it be on the outer or inner side of this circle.
Let us have n − 1 of our local subdivergences drawn in the interior of the skeleton, and n − 1 in the exterior. Then, our non-local subdivergence cannot avoid having 2(n − 1) crossings generated by the local subdivergences, on either the inner or outer side of the skeleton.
Add one more local subdivergence, on the inner side, say. Than we can still choose the non-local flow to be along the outer side, without changing the number of its crossings.
Only addition of a further local subdivergence on the outer side can enforce more crossings, and thus the appearance of the next (2, 2n + 1) torus knot for the first time at 2n + 2 loops.
But actually, for a Feynman graph it is irrelevant if we draw subdivergences at the inner or outer side of a propagator. As a consequence, we assume that all such possibilities correspond to link diagrams associated with the same Feynman graph. Always minimizing the number of crossings, we thus obtain also link diagrams where the non-local flow has lesser crossings. Hence we expect to see always all possible transcendentals from the highest possible rank down to a rational contribution. For example, the link diagram for the rational contribution will have 2n local subdivergences on one side, and the non-local subdivergence can then be chosen to flow on the opposite side, avoiding any knots in the entanglement.
This means that at the 2n + 2 and 2n + 3 loop level we expect the transcendental knot number ζ(2n + 1) to appear, plus all lower lying knot numbers.
These expectations are indeed confirmed by explicit calculations, Γ(5) in table (1) provides an example for the appearance of ζ(5) and ζ(3) in a six-loop example, Γ(7) provides ζ(7), ζ(5) and ζ(3) and Γ(10) provides ζ(9), ζ(7), ζ(5) and ζ(3).
Here is not the space to give link diagrams obtained from other momentum routings (more than one nl flow), but we stress that results for such cases are in accordance with the analysis above. 
Continuation to a dressed two-loop graph
Our generic topology is indicated in fig.(7) , which we notate by Γ(i, j, m, n) for a two loop ladder graph with (i + j + m + n) one-loop subdivergences at the indicated places. In table (2) we collect results. We spot some remarkable properties which, again, are visible only after elimination of subdivergences.
The case Γ(2, 0, 0, 0) delivers the same value as Γ(0, 2, 0, 0). It contains ζ(3). The symmetry is obvious when studying the analytic expressions for the two cases, from the fact that G(i 1 , i 2 ) = G(i 2 , i 1 ). As link diagrams, it is obvious that any link diagram for Γ(2, 0, 0, 0) is a link diagram for Γ(0, 2, 0, 0) as well, by a simple rerouting of momenta. 4 In contrast, Γ(1, 1, 0, 0) is free of ζ(3). Fig.(8) explains this behaviour in terms of link diagrams.
In fact, there is an even more striking fact hidden in table (2) . Some of the link diagrams in fig.(8) are the same. A simple Reidemeister III move shows that the link diagram for the (1, 1, 0, 0) case is also a valid diagram for the (2, 0, 0, 0) case. We indicate the move by an arrow in fig.(8) . But for the latter case, there are other possible link diagrams, which contain a knot and explain the appearance of ζ(3). Nevertheless, the rational link diagram for the (1, 1, 0, 0) case also appears as a contribution to the (2, 0, 0, 0) and (0, 2, 0, 0) cases. As it is not knotted, it should take into account a rational contribution in the results for Γ(0, 2, 0, 0) or Γ(2, 0, 0, 0). This is in striking agreement with the fact that the rational contribution for the (2, 0, 0, 0) and (0, 2, 0, 0) cases is the same as the (1, 1, 0, 0) contribution, cf. table (2) .
To test these phenomena, we calculated further examples. Some of them are collected in table (2) . By inspection, we indeed see that the rational parts of {Γ (2, 0, 1, 1), Γ(1, 1, 1, 1 mentioned before. These factors seem to play the same role as group theoretic factors in Chern Simons theory, if one likes this analogy, while the knottishness -the topology-is in the transcendentals. Second, such relations are impossible to observe as long as one does not restrict oneself to the consideration of overall divergences, the leading symbol of the graph, so to speak, by elimination of subdivergences. Again, all symmetries and number theoretic properties are only apparent after proper subtraction of subdivergences, emphasizing the importance of studying proper overall divergences, to see the connection with link theory.
In the next section we mention two further examples, as they are instructive for the reader.
Higher order dressing
We can generalize the examples of the previous section when we increase the number of loops in the ladder, but still have chains of one-loop subdivergences at internal lines. A particularly interesting example is the function Γ n (1, 0), defined in Fig.(9) , which also explains its rationality. This rationality agrees with its evaluation in terms of G-functions:
We omit to give results for higher loop orders, but again calculations confirm rationality for all cases which have been tested. 6 The cancellation of transcendentals is highly non-trivial, due to the presense of multiple counterterms generated by the subdivergences.
Further, fig.(10) considers dressings with two-loop rainbows, and shows the appearance of knots matching the transcendentals in the overall divergence, given in table (3) . Note that Γ 2 (2) does not provide any knot-number, but delivers the transcendental ζ(4), indicating some extra curl in the diagrams. Further, an analysis with the help of link diagrams suggest that Γ 2 (2) should contain ζ(5), while Γ 2 (3) and Γ 2 (4) should have ζ(7) and ζ(9), respectively. Which is indeed the case.
Other field theories
One can extend the results considered here to other renormalizable theories. For clarity, we presented our examples for the case of a massless Yukawa theory, and then abstracted from this specific example by an (1) in the case of QED. For a vertex correction at zmt, we define Γ [1] µ (i). We then allow for a varying number of i 1 one-loop subdivergences in the fermion and i 2 subdivergences in the photon line, i = i 1 + i 2 . A moment of thinking ensures that part of the problem reduces to the concatenation of G-functions already considered. But QED is much more demanding: inserting the k µ k ν part of the boson propagator, one is also confronted with G functions which have intermediate IR divergences, as
In table (4) we only indicate results for the part of the vertex which was infected by such G-functions. Again counterterms are subtracted in the M S-scheme. We see that the same pattern arises as before. No transcendentals up to three loops, and then ζ(3) plus rational contributions at four loops.
Finally, let us comment on two results obtained by other authors. In both cases, calculations were pushed to the four-loop level, while investigating β-functions of some sort.
First, the investigation of φ 4 theory in [11] considers the four-loop level. The four-loop result is in precise agreement with our expectations. Again, ζ(3) appears at the four-loop level, from diagrams where we expect it to occur. In fact, the circle chain integral (as the author calls it) I cc 3 is topologically equivalent to our four loop graph in the first example, and thus we expect the author to find a contribution containing ζ(3) as well as a rational part, which is indeed the case.
Second, in [12] , it is conjectured that the appearance of ζ(3) at only three places out of twelve different topologies (cf. Fig.4 in their paper) could be explained using knot theory. With the experience from the results presented here, this is indeed the case. The three cases (Fig.4F ,G,H in their paper) which deliver ζ(3) in their results are again topologically equivalent to the four-loop case in our first example, while all their other diagrams only provide link diagrams free of knots, as they should. In our notation, they all belong to cases similar to Γ n (1, 0).
Conclusions
In this paper we compared overall divergences of Feynman graphs containing subdivergences with link diagrams. Using recent results on a connection between knot theory and renormalization theory, we explored the appearance of transcendentals in the overall divergences. The results indicate that the investigation of link diagrams associated to the Feynman diagrams is able to explain the structure of UV divergences.
Specifically, we found that disjoint subdivergences of a simple structure do provide transcendentals in accordance with link diagrams assigned to them in the manner proposed in [1, 4, 6, 7] . In the most simple case, we dressed a one-loop skeleton graph with chains of one-loop subdivergences. Link diagrams for this case suggested the appearance of all (2, q) torus knots, with the highest q determined by the loop number. Using only very basic properties of link diagrams, we discovered a new relation between rational parts of overall counterterms, as dramatically exemplified in table (2) . All the Feynman diagrams considered there contain knot-free link diagrams, but some contain others as well. We found that when a knot-free link diagram results from various different diagrams, the rational part of their contribution to the overall divergence is the same. This not only confirms that knots should be associated with transcendentals, but establishes new relations between diagrams. Apart from the relation to link theory, there is no other explanation for such results available. These relations were not found before, mainly, one guesses, because one barely calculates overall divergent quantities by doing the renormalization of subdivergences graph by graph. Multiplicative renormalization screens these new findings.
It seems that a reorganization of perturbative results ordered with respect to transcendentals is a very sensible thing to do. Our results indicate that the forest structure of a graph has a deep connection to link theory, with the way how forests are mutually disjoint or nested reflected in the entanglement of link diagrams which one can assign to them.
Further results confirmed our expectations, and we also gave some results for QED. We expect that the patterns observed here are true for a renormalizable theory in general.
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While already results for diagrams without subdivergences deliver evidence towards a connection between the theory of links and knots, number theory, and the problem of divergences in a pQFT, it is apparent that the full richness of this new connection arises when one allows for the general case. In this new area, much remains to be done, and the results reported here are only the first few steps towards an understanding of this connection. It still seems that the role which UV divergences of a quantum field theory play is not fully explored yet. Here is not the space to muse about relations to recent developments in mathematics, and we refer to [10] for such purposes.
At the moment, work is in progress investigating the role of the four-term relation in the light of these new results, and we hope to be able to report on some progress soon.
